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Abstract. The singular direct product of  latin squares Is adapted to provide examples of pairs of  
double dmgonal orthogonal latin squares of order n -= 2 (mod 4) and further examples of odd 
orders ~- 3 or 6 (rood 9). 
1. Introduction 
In [ 2], Lindner has shown that the singular direct product of latin 
squares may be used to construct double diagonal orthogonal latin 
squares (D.D.O.L.S.). By this method, he was able to construct the first 
examples of D.D.O.L.S. of an odd order n -- 3 or 6 (mod 9), the smal- 
lest such n being 33. However, his method did not provide any examples 
of D.D.O L.S. of orders n - 2 (mod 4). By the construction i this paper, 
D.D.O.L.S. for some values o fn  = 2 (mod 4), may be constructed. The 
smallest such n for which the construction works is 50. The construction 
also provides an example of a D.D.O.L.S. of order n = 21, which is a 
smaller odd value o fn  ---- 3 or 6 (rood 9) than 33; it is given in full at the 
end. 
The construction is, like Lindner's, based upon the singular direct 
product. We use and extend the terminology and notation of his paper. 
Thus a partial transversal T of length m of a latin square based on the 
integers 1,2, ..., n is a set of m cells (m <_ n), no two in any row or col- 
umn such that none of 1,2, ..., n appears in more than one of the cells 
of T. If m = n, then T is a transversal. A latin square is double diagonal 
if both the main diagonal and the off  diagonal are transversals. The set 
of cells 
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((1,n--p), (2,n-p- 1), ..., (n-p, 1), OT-p+l,n), (n-p+2,n- 1), ..., (n, n -p+ 1)} 
is called the pth upper off diagonal; the 0th upper off  diagonal is the 
off diagonal. 
A magic square is a square n × n matrix whose entries 1,2, ..., n 2 , 
each appearing exactly once, are such that the sum of entries in each 
row, in each column, in the main diagonal and in the off diagonal is 
the same. It is quite well-known that i fA and B are a pair of D.D.O.L.S. 
on the numbers 1,2 .... , n and J is an n × n matrix consisting entirely of 
1 's, then 
A +nB-nJ  
is a magic square. 
2. The singular direct product for latin squares 
We now repeat briefly Lindner's [2] description of the singular direct 
product. 
Let V be an idempotent latin square of order u based on i ,2 ..... v; 
Q a latin square of order q based on 1,2, ..., q containing the sub latin 
square P of order p based on 1,2, ...,p in the upper left hand corner; 
be a latin square of order q-p based on p+ 1, p+2, ..., q. The singular 
direct product of V, Q, P and fi, denoted by V × Q(P, P) is the latin 
square of order u(q-p)+p based 'on (1, ...,p} u ((p+l,  ...,q} X (1, ..., u)) 
defined in Diagram 1. In the four cellsA(O,O),A(O,k),A(k,O) and A(k,k) 
is the latin square Q with each x q P replaced by (x, k). In the cells 
A (i, j), i 4: L i 4: 0, j 4: 0, is the latin square fi with every x replaced by 
(x, v#), where vq is the entry in cell (i,l) of V. 
3. A further construction of double diagonal atin squares 
C.C. Lindner's construction of a double diagonal atin square given 
in [2] based on the singular direct product works only if v is even. It is 
complemented by the construction we give here which applies only if 
v is odd. There is no a priori reason why a similar construction to ours 
should not work if v were even, but it would be more complicated than 
3. A further construction of  double dtagonal latin squares 113 
No, o) 
o 
d 
v 
> 
v 
A(O,I) 
A(1,1) 
A(2,1) 
A(v,1) 
A(O,2) 
A(I,2) 
A(2,2) 
A(V,2) 
A(O,v) 
A(l,v) 
A(2,v) 
A(v,v) 
Diagram 1 
Lindner's and so there seems to be no call to investigate it. 
Let V be a double diagonal latin square of odd order based on 1,2, ..., 
2m-  1 whose 1 st upper off diagonal is a transversal. Let Q be a double 
diagonal latin square of order q based on 1,2 .... , q with a sub latin square 
P of order p based on 1,2, ..., p in the upper left hand corner. Finally, 
let P be a latin square of order q-p  based on p+l, p+2, ..., q whose pth 
upper off  diagonal is a transversal. 
Theorem 3.1. I f  there are latin squares V, Q, P and ff satisfying the above 
conditions, where I VI = o, Ial -- q, IPI -- p, Iffl = q-p,  then there is a 
double diagonal atin square o f  order o(q-p) + p. 
Proof. We may assume that V is idempotent. The singular direct product 
V × Q(P, if) (which we call L 1 ) is already almost double diagonal when 
the above conditions are satisfied. The main diagonal is a transversal since 
the main diagonals of V and Q are transversals. On the off diagonal, since 
both the off  diagonal and the 1 st upper off  diagonal of V are transversals, 
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all elements o fP  u (/g × lO occur exactly once, except those of  the 
forms (x, m) and (x, o) (x = p+l ..... q) each of which may occur nought, 
once or twice. Let B be the cell A(i, o-i) of Diagram 1 whose elements 
are of the form (x, m), and let C be the cell A(i, v- i+ 1) whose elements 
are of the form (x, o). Since the pth upper off  diagonal of P is a trans- 
versal, by a permutation of the elements of B and a permutation of the 
elements of C, from L 1 we may obtain L 2 in which each element of the 
form (x, m) occurs at most once on the off  diagonal, and each element 
of the form (x, v) occurs at least once and at most twice on the off  dia- 
gonal. 
Since the off  diagonal of Q is a transversal, there are exactly p ele- 
ments of the form (x, m) (p+l < x < q) which do not occur on the off  
diagonal, and exactly p elements of the form (x, v) (p+l _< x _< q) which 
occur twice. Let (x I, o), ..., (xp, v) be the elements which occur twice 
on the off  diagonal. They each occur once in C. The essence of the con- 
struction is to replace these by one of each of the missing elements, 
which we may denote by (Yl, m), ..., (.vp, m). Of course, further com- 
pensatory changes have to be made in order to obtain a latin square; 
the system of compensation which we now describe is unnecessarily 
complicated if we simply wish to prove Theorem 3.1, but is what we 
need if we are to prove Theorem 4.1 subsequently. 
Let C = C 1 and let C1, C 2 . . . . .  C2r(1), DI, D 2 ..... D2r(2 ~ ..... Gl, G 2 ..... 
G2r(k ), where r(1 )+ ... +r(k) = v, be a decomposition of the set of cells 
A(i,j) (1 <__ iN  v, 1 <__j_< v) o fL  2 which contain elements of the form 
(x, m) or (x, v) into cycles E l ..... E2r(h ) such that, in L 2, E2t contains 
just elements of the form (x, m), E2t+l contains just elements of the 
form (x, v), the cell E2t+l is in the same row as E2t , and E2t is in the 
same column as E2t_ 1 (here the subscripts are taken modulo 2r(h)). We 
assume that neither A(m, m) nor A(v, v) is the "first" or "last" cell in 
any of these cycles. 
We now describe the process of interchanging certain of the elements 
(xj, v) and (yj, m) (1 <_ j <_ p) in a typical cycle (E  l . . . .  E2r(h)). We de- 
scribe first the general procedure; later we describe the modifications 
which are needed near the special cells B, A(m, m) and A(v, v) which, 
apart from C are the only cells A(i, j) with 1 <_ iN  v, 1 <_j_< v, which 
contain elements of the form (x, m) or (x, v) and through which either 
the main or the off  diagonal passes. 
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3.1. The general procedure 
On the pth upper off  diagonal o fE  1 replace (x~, u) by fyi, m) (1 <__j 
< p). If C 1 = E 1 , the elements (xj, o)(1 < j < p) would be part of the 
off diagonal o fL  2. In the square now obtained, there are columns 
which contain two of 0"1' m) for each/, 1 <__j<__ p. The set of cells in E z 
which contain these "second" elements (y 1, m),. . . ,  (yp, m) may or may 
not form a partial transversal of E 2 . But we next permute the elements 
o fE  2 in such a way that the "second" elements all occur on the pth up- 
per off  diagonal of E 2 . Then, in E2, for each/, 1 <_ j <__ p, we replace 
the "second" element (y/, m) by (xj, v). In the square now obtained no 
element is repeated in any column, but each of (x 1, o), ..., (xp, o) occurs 
twice in some row. 
New we carry out a similar process on E3, then E4, and so on. We now 
explain the procedure for changing the elements in E2r(h ) after we have 
exchanged elements in E2r(h)_ 1 . For each j, 1 <_ j <__ p, suppose that the 
column which contains 0"/, m) in E2r(h)_ 1 is c i, and the row which con- 
tains 0, i, m) in E 1 is r i. Clearly no two of  the cells (r 1 ,c 1 ) .... , (rp,Cp) in 
EEr(h ) are in the same row or column. Permute the rows and columns of 
E2r(h ~ in such a way that the cell (ri,c]) is occupied by 0"/, m) for each 
j, 1 <_ j <_ p. This may be done since the pth upper off  diagonal of fi is 
a transversal. Then replace the element in cell (r 1, ci) by (x 1, o). 
3.2. Modifications 
Modification l(i). B and C are adjacent cells in the same row o f  Diagram 
1, B to the left o f  C. 
Y 
/p  
/ 
B C 
Diagram 2 
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/ 
Diagram 3 
B / 
P 
In this case, B = C2r(1 ) and the situation is illustrated by Diagram 2. 
Here the line a ~ together with the line 76 represent the pth upper off  
diagonal of B, and the line 3' 6 e is part of the off  diagonal of the square 
derived from L 2. The elements (x 1, y) .... , (xp, o) are removed from the 
line 6 e in C and replaced by (Yl, m) .... , (.Vp, m) as before. We then per- 
mute the upper q-2p  rows of B in such a way that those elements 
(yj, m) (1 <_ j _< p) in B which lie in the same row as the same elements 
in C, form a partial transversal of B. We may do this since the upper off  
diagonal of P is transversal and no element is repeated on the line 3" 6 e. 
We then carry on as in the general case, but finishing with Ezr(h)_ 1 in- 
stead of E2r(h ). 
Modification l(ii). B and Care in adjacent cells in the same column o f  
Diagram 1, B above C. 
In this case, B = C 2 and Diagram 3 applies. Here the replacement of 
elements of B is similar to that described in Modification 1 (i), and sub- 
sequently the procedure is as in the general case. 
Modification 2. A modification to the procedure for E 1 and Et+ 1 when 
Et+ 1 is B, A(m, m) or A(o, o). 
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Modification 2(i). Et + 1 = B. 
We replace (yj, m) by (xj, v) (1 <__ j <__ p) where the former occur on the 
pth upper off diagonal of B. Then suppose changes are made in 
El, ...,Et_ 1 as described elsewhere. For each j, 1, <_ I <-- P, suppose that 
then the element (xj, v) in the pth upper off diagonal of B is in column 
cj, and that the element (x/, v) in Et_ 1 is in row rj. Then permute the 
rows and columns of E t in such a way that, for each j, 1 <_ j <__ p, the 
element (x/, v) lies m position (rj, cl). Again this can be done since the 
pth upper off diagonal is a transversal. If t = 1, then instead we put r 1 as 
the row in which the element (x I, v) occurs in the pth upper off diagonal 
of E t, and simply permute the columns to get (xj, v) in the position 
(rj, c/) for each j, 1 <_ j <__ p. We then replace the element (xj, v) in the 
position (r 1, c I) by (YI' m). 
Modification 2(ii). Et+ 1 = A(m, m). 
This is similar to Modification 2(i), but the elements (y/, m) lying on 
the main diagonal (rather than the off diagonal) are replaced by 
(xi, o ) ( l  <_j<__p). 
Modification 2(iii). Et+ t = A (v, v). 
This is similar to Modification 2(ii), with the elements (xj, v) lying 
on the mam diagonal being replaced by (yi, m) (1 <__ j <_ p). 
Modification 3. B = E2r(h ) ~ C2r(1 ). 
In this case, we replace elements (x i, u) by (yj, m) (1 <_ j <_ p) on the 
pth upper off diagonal of B (these lay in the upper q-2p  rows), and 
then change lements in E 1 . We finish off with E2r(h)_ 1 . 
It Is clear that when this process is completed, a double diagonal latin 
square is obtained. The procedure inserts p "missing" elements in the 
off diagonal of L 2 , and also interchanges p elements in the main dia- 
gonal of A(m, m) with p elements in the main diagonal ofA(v ,  v). 
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4. Construction of double diagonal orthogonal latin squares 
Let V 1 and V 2 be a pair of D.D.O.L.S. of odd order based on 1,2 .... , 
v = 2m-1 whose 1st upper off diagonals are transversals. Let Q1 and Q2 
be a pair of D.D.O.L.S. of order q based on 1,2 ..... q containing the 
pair p1 and p2 of latin squares based on 1,2, ..., p in their upper left 
hand comers. Finally, let fil and fi2 be a pair of orthogonal latin 
squares of order q-p  based on p+l ,  p+2, ..., q whose pth upper off 
diagonals are transversals. (Throughout his section the superscripts are 
not intended to be powers.) 
Theorem 4.1. I f  there are latin squares V 1 , V 2, Q1, Q2, p1, p2 and i l l ,  
fi2 satisfying the above conditions, where[Vi i  = I V2I = v, IQll = IQ21 = q, 
IPll = [p2I = p and 1fi21 = 1fi21 = q-p ,  then there is a pair o f  D.D. O.L.S. 
o f  order v (q -p)  + p. 
Proof. We may assume that V 1 and V 2 are idempotent. A. Sade has 
shown that the singular direct products LI = V 1 X Ql(p1, i l l )  and 
L~ = V 2 X Q2(p2,  fi2) are orthogonal [3]. We now describe how to 
make L I and L2 double diagonal and yet retain their orthogonality; 
each step of the process described will preserve the orthogonality of the 
two squares. This will be easy to see if it is borne in mind that the per- 
mutation of the elements of one of a pair of orthogonal latin squares 
will yield a pair of orthogonal latins squares; similarly that the same 
permutation carried out on the rows or the columns of each of a pair 
of orthogonal latin squares will yield another pair of orthogonal latin 
squares. In essence, after some preliminary modifications to LI and L21, 
we carry out the diagonalization procedure described in Theorem 3. I 
on both LI and L 2 , but with each permutation of rows or columns in 
A 1 (i, 1) duplicated in A 2 (i, j), and vice-versa. Here A 1 (i, l), A 2 (i, j) refer 
to the cell A(i, j) of Diagram 1 in LI and L21, respectively. 
Also, for LI and L 2 let x/,y/, B, C, E, etc., defined in Theorem 3.1 be 
indicated by x 1 , y], B 1 , C 1 , E 1 , etc., and x~, y2, B 2, C 2, E 2 ' etc., respec- 
tively. When (i, j) is the cell in V 1 which contains m and the cell in V 2 
which contains v, let A 1 (i,/), A 2 (i, j) be denoted by H 1 , K 2 , respecti- 
vely, and when (i, j) is the cell in V 1 which contains v and in V 2 which 
contains m, let A 1 (i, j), A2(i, j) be denoted by K 1 , H 2, respectively. 
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For i = 1,2, we elaborate the permutations of B t and C i described 
in Theorem 3.1, as follows. We permute the elements of B z, so that the 
off diagonal elements of L] with second component m are distinct. We 
then select (yZ, m) .... , (yp, m). We permute the elements of C i, so that: 
(a) all elements whose second component is v are included in the off 
diagonal of U 1 ; 
(b) those elements with second component v which are repeated on 
the off diagonal of L~ are (yZ 1,v) .... , (y~,v). We putx~.--y1' ( l<j<p)._ _ 
To see that (b) may be satisfied, observe that, since QZ is double dia- 
gonal, the first component of the two component elements of A~(v, 0), 
At(m, m), Az(O, v) which lie on the off diagonal of L~ are distinct. There- 
fore the set of elements in Ai(o, O) and Az(O, v) which lie on the off 
diagonal of L~ includes (yt 1 , u), ..., (y~, v). 
Furthermore, we index (y], m), ..., (y~, m) in such a way that, for 
some rr, 0 G rr <__ p, we have 
yl  =y/2 (1 <__j<_70, yl , y2  Or<j<__p ,vr<k<__p), 
and, consequently, 
x j l=x~ (l<__l<_rr), x l*x~ (7r<j<_p, vr<k<p).  
We denote the squares obtained by L 1 and L~. 
We now describe the preliminary alterations mentioned previously, 
which are to be made m the order listed here. They are designed to 
ensure that the cells B z, C z, H z, K i in L~ together with the cells in the 
corresponding positions in L~ +1 are rearranged conveniently for the sub- 
sequent diagonalization process. P.A. 3,4 and 6 describe the special ar- 
rangements necessary when some of these cells happen to be adjacent 
in a cycle of Theorem 3.1. 
4.1. Preliminary alterations (P.A.) 
P.A.1. For 1 <__ i <_ 2, denote the position in which the element m occurs 
on the 1 st upper off diagonal of V ~ by (az,/3i), and denote the element 
in position (a t,/Y) in V ~+1 by r/(rn). Then rli(m) --Pm or v. Let (a t', [3 i') 
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denote the position on the off diagonal of V z+1 at which ~Z(rn) occurs. 
In L~ I permute the elements ofA t+l (o?, ~*) and A z+l (o~ *', ~z,) in such 
a way that 
(i) the off diagonal of L~ +1 continues to contain all elements of the 
form (x, r/*(m)), 
(ii) for each j, 1 <_ j <_ p, the element y~ on the pth upper off diagonal 
o fB ~ is in the same position as the element (y~, r((m)) on the pth 
upper off diagonal ofA *+1 (a t, ~*). 
P.A.2. For 1 <__ t <_ 2, denote the position in which the element v occurs 
on the off diagonal of V 7 by (3, i, U), and denote the element in position 
(~, 6 t) in l ,n+l by f i(v). Then f i(v) 4: m or v. Denote the position at 
which ~'z(v) occurs on the 1st upper off diagonal of V ~+1 by (7 i', 6z'). 
In L~ +1 permute the elements ofA ~+1 (7 ~, U) and A z+l (3 ,z', 6") in such 
a way that 
(i) the off diagonal of L~ +l continues to contain all elements of the 
form (x, f~(v)), 
(ii) for each L 1 <__ j <_ p, the element x} on the pth upper off diagonal 
of C i is in the same position as the element (x], f i(v)) on the pth 
upper off diagonal ofA z+a (~, 6z). 
P.A.3. If, for i = 1 or 2, H i is adjacent o C ~ in a cycle of Theorem 3.1, 
we may suppose H ~ = C~, the case/-f = i C~r(l ) being similar. Permute the 
elements of/-P', so that the elements (x], v) and (y~, m) (1 _< / <_ p) on 
the pth upper off diagonal of C ~ and/ f  respectively are in the same 
column. Then permute the elements o f /~  +1 in such a way that the ele- 
ments (yZ 1, m), , (y~ m), t,,z+l m), ~v '+l m) in the pth upper off • . , L r  7 r+ l ,  - - - ,  , . ,  p , 
diagonal of//7, and the elements (x], v), ..., (x~p, v), (xi++l I , v), ..., (xZp +1, v) 
respectively in the pth upper off diagonal of /C +l are in corresponding 
positions. 
P.A.4. If, for i = 1 or 2, K i as adjacent o B ~ in a cycle of Theorem 3.1, 
then we may suppose they are aligned vertically, the case when they are 
aligned horizontally being similar. Permute the columns of K 7, so that 
the elements (y~, m) on the pth upper off diagonal of B i and the elements 
(x~, u) (I <_ j <_ p), which were on the pth upper off diagonal of K ~, are 
in the same columns. Carry out the same permutation of the columns 
of/-f .  
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P.A.5. Let 1 < o < 2. When case 3 does not apply with i = o and case 4 
does not apply with i = o + 1 permute the elements of H ° in such a way 
(7 that the elements (y~, m), ..., (y~, m), '-,,+1~"°+ 1, m), ..., (yp+l, m) in the pth 
, ° (X .+ l ,V ) ,  ..., upper off  diagonal o fH  ° and the elements (X°l v), ..., (xp, v), o+1 
(x~ +1 , v) respectively in the pth upper off  diagonal of  K °+1 are in corre- 
sponding positions. 
P.A.6. If, for z = 1,2,Hi  is adjacent o K ~ in a cycle of  Theorem 3.1, we 
may suppose that, for some t, K 1 1 H 1 = E2t+l ,  = E2t+2 , the case  H l = Elvt, 
K 1 = E~t+l being similar. In L~ permute the columns o fH  1 , so that the 
el ~ ~ 2 2 • ements (Yl, m), ..., (Yv' m), (.v,,+l, m) ..... (vp, m) which were on the 
pth upper of f  diagonal of  H 1 become aligned with the elements (x~, o), ..., 
o), (x.2+ 1 o), 2 , ..., (x,+ 1 , v) respectively which were on the pth upper 
off  diagonal of  K l . Carry out the same permutat ion of  columns in K 2 . 
An examination of  possible cases will show that there are no conflicts 
between P.A.'s 3,4,5,6. 
After these preliminary alterations have been made denote the latin 
squares obtained by L~ and L 2 . They are clearly orthogonal to each 
other. We now carry out the diagonalization procedure as described in 
Theorem 3.1 on L~ and L 2 . When carrying out the dlagonalization pro- 
cedure on L~ we make alterations to L~ +1 to preserve orthogonahty.  
z = H i z C t, K i t = K 7 and ~ B', If, for some t, E t + t and E t 4= or if E t + 1 E t 4: H i, 
then we make a further modif ication to the diagonalization process, 
similar to the Modification 2(i) of  Theorem 3.1. 
We now describe the alterations to L~ + 1 made when diagonalizing 
4.2. Alterat ions to Lt3 +1 when diagonalizing LZ3 
1. Suppose that the changes have been made in U2t_ 1 and have yet to 
be made in E~2t. Let (/a ~, v ~) indicate the position of  EZ2t; i.e. E~2t = 
At(la ~, v~). I fE~t  = AZ(rn, rn), or B i, or H t, then no further alteration 
is made to A i+l (tt ~, vZ). Otherwise if the rows or columns of Ei2t are 
permuted in the diagonahzation procedure, carry out the same permu- 
tations on the rows or columns o fA  ~+t (gi, v~). Then, after replacing 
the elements (y], m) by (x~, v) according to the procedure described in 
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Theorem 3.1, permute the elements of A i+l (/a z, ~), so that 3,~ is the 
first coordinate of the element i n  A t+l (t ~t, v i) in the corresponding po- 
sition to (x~, v) in A*(/a *, d). 
2. Similarly suppose that either changes have been made in E~2t and have 
yet to be made in E~t+l, or that t = 0. The alterations here are similar 
to those just described, except hat, if now E~t+j = At(12, d), then no 
further alterations are made to A t÷l (/~, d)  when U2t÷l = At(v, v), C ~ 
or K i, and also some elements (x~, v) are replaced by 0'~. m), rather than 
vice-versa. 
When these alterations have been made, and the diagonalization pro- 
cedure has been completed to obtain squares which we will denote by 
L 1 and L4 2, then, for 1 <_/<_ p, 1 <_ i<_ 2, the elements (x~,v) in L~ 
which have replaced (v]. m) are in positions corresponding to elements 
o,;, l) ..... cyl, v) 
in L~ +l , and the elements (yj, m) in L~ whlch have replaced elements 
(x~, v) are in positions corresponding to elements 
in L~ +1 . All other ordered pairs (,V, y~+l ) of elements in corresponding 
positions XtE L~, y/+l ~ L~÷I continue to occur. Therefore L 1 and L4 2 
are orthogonal. The proof is now complete. 
In order to make the situation clearer, we illustrate the relative posi- 
tions of those elements (x~, v), (y~, m) (1 <__ i < 2, 1 ~_ j <__ p) which change 
between L~ and L~. In the illustrations for/-/~, K z, E~k , ~ , E2k+l we have 
ignored any permutations of rows or columns which may have occurred, 
and have assumed that the corresponding elements are on the pth upper 
off diagonal of these squares. 
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L I 
3 
L l 
4 
L l 
3 
L* 
4 
\ 
\ 
\ 
\(Y;+I '~) 
\ 
\ 
(y~+l ,m) 
A'(m,m) 
\%x,,v):(yLv) 
\ 
\ 
l,v) 
\ 
\ 
(Y~+I ' m)''~ \ 
A'(m,m) 
\ 
(x~,v) 
\ 
\ 
\ 
• x(X~+I ,v) 
\ 
\ 
(X~+l,V) 
A'(v,v) 
\ 
\ 
\ 
\ 
(X~+l,V)% 
L 2 
3 
L 4 
2 
L 2 
3 
",~y~,m)=(y~,m) 
\ 
\ 
\~ ;+ i  ,m) 
\ 
\ 
(Y~+I ,m) 
h 2 
4 
A2(m,m) 
2 | \~x~,v):(y~,v) 
\ 
\ 
\ ' (y~ ) 
,, + I  ,m 
\ 
\ 
x 2 ,v)\,\ 
( ~+i 
A2(m,m) 
\ ~ 2 _ l (x~,v)- (x.,v) 
\ 
\ 
\ 1,v) 
\ 
\ 
2 N 
(x~÷l'v) t, 
A2(v,v) 
, <y~,m)=(×~,m) 
X 
\ 
\ 
\ 
(y +r 
\ 
A'(v,v) A2(v,v) 
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L l 
3 
/ 
/ 
(,2 m)-~,' m~ 
/ 
"(Y;+l'm) 
/ 
2 / 
(Yn+l'm/)4 
H' 
2 
L 
3 / 
/ 
° 
/ 
(x',v)=~(x~,v) n/  n 
~+i ,  v) 
/v 
K 2 
b 1 
t~ 
/ 
/ 
L 1 
3 
E l 
/ 
/ 
(~,v)~,(×~,v) 
/ 
/ 
V(x~+~,v) 
/ 
// 
(x 2 . ,m)=(y 2 .~,m)/ w+l ~÷£ g, 
H' 
/ 
/ 
~'x-. ~ ,v) 
/ 
/ 
/ '  
(X~+l,V/)'( 
K' 
/ 
(y~,m)--/(y~ ,m) 
/ 
/ 
I ~Y;+l'm) 
/ 
/ 
/ 
L 2 
L 2 
3 
L 2 
4 
/ 
/ 
/ (x$+ 1,v)-- (Y~+l '~ 
/ 
/ 
/ 
/ 
,/ 
/ 
/ 
2 / 
(Y~+l,m/)w 
K 2 
/ 
(,,;,v)=/fy~,~) 
/ 
A~(Y~+I ,m) 
/ 
H 2 
/ 
(x;,v):¢" (x~,v) 
/ 
,/ 
#'(Y$ +l'm)= (x~+ 1 ,r 
/ 
(X2..  ,V)" 
IT+I / 
K ~ H 2 
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L i 
/ 
/ 
/. 
/ 
/ 
,~xi+l,V) 
/ 
,/ 
/ 
E i 
2k+l 
Li+l 
3 / 
/ 
/ 
i p{x~,z) 
/ 
/ 
/i 1(X#+l,Z) 
/ /  
/ 
/ 
The corresponding cell 
L i 
/ i  / (y#,m) 
/ 
/ 
,4, i m" 
,2 tY#+ I, ; 
/ 
/' 
/ 
,/ 
E i 
2k+l 
Li+l 
/ 
,&b) 
/ 
/ 
/ 
/ /  
/ 
/ 
The corresponding cell 
L i 
3 
L i 
q 
/" 
i /,/(y~ ,m) 
/ 
/ 
/ i 
(Y#+I ,m) 
/ 
/ 
/ 
F 
/ 
i 
E2k 
/ n'(x~,v) 
/ 
F i  v~ /J (x~+ I, , 
/ 
/ 
/ 
/ 
I 
/ 
i 
E2k 
Li+l 
3 
Li+l 
1 /,z (Y#, z ) 
/ 
d 
/ "4Y~+I'Z) 
/ 
/ /  
/ 
/' 
The corresponding cell 
/ 
/ 
/ i  
/~" (Y~+l,Z) 
/ 
/ 
/ /  
/ 
/ 
The corresponding cell 
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Example 4.2. 
V 1 =Q1 = 1 3 5 2 
5 2 4 1 
4 1 3 5 
3 5 2 4 
2 4 1 3 
4 f f l  = 
3 
2 
1 
5 
5 2 4 3 
4 3 5 2 
2 5 3 4 
3 4 2 5 
1 31 51 21 41 
51 21 41 1 31 
41 1 31 51 21 
31 51 21 41 1 
21 41 1 31 51 
52 55 25 45 35 
42 45 35 55 25 
32 23 55 35 45 
22 35 45 25 55 
53 24 34 44 54 
43 34 24 54 44 
33 44 54 24 34 
23 54 44 34 24 
54 43 23 53 33 
44 53 33 43 23 
34 25 43 33 53 
24 33 53 23 43 
55 52 22 42 32 
45 42 32 52 22 
35 22 52 32 42 
25 32 42 22 52 
32 52 22 42 
53 23 43 33 
43 33 53 23 
25 53 33 43 
33 43 23 53 
22 
1 
52 
42 
51 
41 
21 
31 
45 
55 
23 
35 
24 
44 
54 
34 
42 1 32 
32 52 22 
22 42 1 
1 32 52 
21 41 31 
31 51 21 
51 31 41 
41 21 51 
25 55 35 
35 45 25 
45 35 55 
55 25 45 
54 34 44 
34 54 24 
24 44 34 
44 24 54 
33 53 
55 25 
45 35 
23 55 
35 45 
54 24 
44 34 
24 54 
34 44 
25 43 
1 33 
53 23 
43 1 
52 22 
42 32 
22 52 
32 42 
51 21 
41 31 
21 51 
31 41 
23 43 
45 35 
55 25 
35 45 
25 55 
44 34 
54 24 
34 44 
24 54 
1 33 
53 23 
43 1 
33 53 
42 32 
52 22 
32 42 
22 52 
41 31 
51 21 
31 41 
21 51 
34 54 
52 22 
42 32 
22 52 
32 42 
51 21 
41 31 
21 51 
31 41 
55 45 
25 35 
45 55 
35 25 
24 44 
1 34 
54 24 
44 1 
53 43 
43 53 
23 33 
33 23 
24 44 
42 32 
52 22 
32 42 
22 52 
41 31 
51 21 
31 41 
21 51 
23 35 
55 45 
35 25 
45 55 
1 34 
54 24 
44 1 
34 54 
25 33 
33 23 
53 43 
43 53 
35 55 
54 24 
44 34 
24 54 
34 44 
53 23 
43 33 
25 53 
33 43 
52 22 
42 32 
22 52 
32 42 
51 21 
41 31 
21 51 
31 41 
23 45 
1 35 
55 25 
45 1 
25 45 
44 34 
54 24 
34 44 
24"54 
43 33 
53 23 
33 43 
23 53 
42 32 
52 22 
32 42 
22 52 
41 31 
51 21 
31 41 
21 51 
1 35 
55 25 
45 1 
35 55 
V 2 =Q2 = 1 5 4 3 
3 2 1 5 
5 4 3 2 
2 1 5 4 
4 3 2 1 
2 ~2= 
4 
1 
3 
5 
3 5 4 2 
5 3 2 4 
2 4 5 3 
4 2 3 5 
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1 51 41 31 21 
31 21 1 51 41 
51 41 31 21 1 
21 1 51 41 31 
41 31 21 1 51 
32 33 53 43 23 
52 53 33 23 43 
22 25 43 53 33 
42 43 23 33 53 
33 23 55 45 35 
53 45 35 25 55 
23 35 45 55 25 
43 55 25 35 45 
34 32 52 42 22 
54 52 32 22 42 
24 22 42 52 32 
44 42 22 32 52 
35 34 54 44 24 
55 54 34 24 44 
25 24 44 54 34 
45 44 24 34 54 
52 42 32 22 
35 55 45 25 
55 35 25 45 
23 45 55 35 
45 25 35 55 
22 1 52 42 
42 32 22 1 
1 52 42 32 
32 22 1 52 
34 54 44 24 
54 34 24 44 
24 44 54 34 
44 24 34 54 
31 51 41 21 
i51 31 21 41 
:21 41 51 31 
i41 21 31 51 
25 43 53 33 
53 33 23 43 
33 53 43 23 
43 23 33 53 
53 43 33 23 
34 54 44 24 
54 34 24 44 
24 44 54 34 
44 24 34 54 
31 51 41 21 
51 31 21 41 
21 41 51 31 
41 21 31 51 
25 1 53 43 
43 33 23 1 
1 53 43 33 
33 23 1 53 
35 55 45 25 
55 35 25 45 
23 45 55 35 
45 25 35 55 
!32 52 42 22 
:52 32 22 42 
22  42 52 32 
42 22 32 52 
54  44 
33 43 
43 33 
25 53 
53 23 
35 45 
45 35 
23 55 
55 25 
32 52 
52 32 
42 22 
22 42 
24 1 
44 34 
1 54 
34 24 
34 24 
53 23 
23 53 
43 33 
33 43 
55 25 
25 55 
45 35 
35 45 
22 42 
42 22 
52 32 
32 52 
54 44 
24 1 
44 34 
1 54 
31 41 21 51 
21 51 31 41 
51 21 41 31 
41 31 51 21 
55 45 35 25 
32 52 42 22 
52 32 22 42 
22 42 52 32 
42 22 32 52 
34 54 44 24 
54 34 24 44 
24 44 54 34 
44 24 34 54 
31 51 41 21 
51 31 21 41 
21 41 51 31 
41 21 31 51 
33 53 43 23 
53 33 23 43 
25 43 53 33 
43 23 33 53 
23 1 55 45 
45 35 25 1 
1 55 45 35 
35 25 1 55 
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